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Abstract 

We compute the boundary state associated with a moving Dp-brane in the presence 
of the open string tachyon field as a background field. The effect of the tachyon 
condensation on the boundary state will be discussed. It leads to a boundary state 
associated with a lower dimensional moving D-brane or a stationary instantonic D- 
brane. The former originates from condensation along the spatial directions and the 
latter comes from the temporal direction of the D-brane's worldvolume. Using the 
boundary state we also study the interaction amplitude between two arbitrary Dpi 
and Dp2-branes. The long range behavior of the amplitude is investigated which shows 
an obvious deviation from the conventional form, due to the presence of the background 
tachyon field. 
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1 Introduction 



Open string tachyon can be considered as instabilities of the branes, because open strings 
introduce the quantum excitations of the branes [1]. Tachyon potential has a stationary 
point where the negative potential energy of the tachyon cancels the tension of the D-brane 
[2]. This process which is called tachyon condensation ends when the brane has completely 
disappeared. During the condensation process lower dimensional branes are produced [3, 4]. 

On the other hand we have the boundary state as a quantum state, which contains closed 
string states [5]. It can be used to study D-branes. In the other words, a D-brane couples 
to all states of the closed string via the boundary state. Thus, we can suppose that the 
exchange of closed strings between two D-branes is responsible for the branes interaction. 
For calculating it we can just connect their corresponding boundary states through the closed 
string propagator. The coherent state method [6] and the path integral approach [7, 8] have 
been used to obtain boundary state. Furthermore, the boundary state in the presence of 
background fields such as B^,, and C/(l) gauge fields in the compact spacetime [9], and in 
the presence of the tachyon field [10, 11] have been investigated. 

Apart from the background U{1) gauge field and the open string tachyon field, which 
are parallel to the brane's worldvolume, the transverse fluctuations of a D-brane also are 
essential to study it as a dynamical object. Scarcity of this kind of multilateral discussion 
motivated us to follow this process in this paper in spite of some technical difficulties. Beside, 
usually in the literature a full brane in the presence of a one-dimensional background tachyon 
field has been considered and the effect of one-stage condensation on that brane has been 
studied. But here we study a D-brane with an arbitrary dimension. Therefore, the Dirichlet 
boundary conditions also will be present. In our set-up the tachyon field has components 
along all the directions of the D-brane's worldvolume. This tachyon profile leads to various 
condensations and hence variety of the resulted branes. 

In the present article by using the path integral approach we calculate the boundary state 
corresponding to a moving Dp-brane in the presence of a tachyon field. Consequently, we 
obtain the disk partition function of the closed string. The effect of the tachyon condensa- 
tion on this partition function will be studied. The condensation is applied along the spatial 
worldvolume directions and gives a partition function associated with a moving lower dimen- 
sional D-brane. Difference with the conventional tachyon condensation (e.g. see [10]) is the 
presence of a tachyon dependent factor in the resulted partition function. That is, although 
the brane's dimension decreases, the effect of the tachyon does not remove by condensation. 
In this process the transverse fluctuations of a Dp-brane prevent the normal tachyon con- 
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densation from occurring. Applying the condensation along the temporal direction of the 
Dp-brane's worldvolume gives an instantonic stationary brane. 

The final goal of the paper is applying the boundary state to obtain interaction amplitude 
between two moving D-branes and study its behavior for large distances of the branes. We 
observe that due to the inclusion of the open string tachyon background (which is equivalent 
to consider instabihty of the bosonic D-branes) , the long range interaction of the branes goes 
to zero. This is a consequence of rolling of the tachyon toward its minimum potential. We 
observe that for the interaction of two D-instantons the conventional long time interaction 
amplitude restores. 



2 Boundary state and tachyon condensation 

To determine the boundary state, associated with a moving Dp-brane in the presence of the 
tachyon field, we begin with an appropriate sigma-model for the string. This action contains 
the bulk term, a tachyonic term on the boundary and a velocity term corresponding to the 
motion of the brane 

^buik = I j'ai^h'^'g.AX'^d.X''), (1) 

-^boundary = / daiV'X^'drX' + lUa/.X'^X^), (2) 

J as 

where E is the worldsheet of the closed string, exchanged between the branes, dT, indicates 
the boundary of this worldsheet, which can be at r = or r = tq and the d-dimensional 
spacetime metric is Q/^i, = (— 1, 1, • • •, 1). In addition, we defined — where is 
the brane's velocity component along X^ direction. The coupling of the tachyon field to 
the string via integration over the worldsheet boundary has been discussed in [12]. Since it 
occurs as square in the action, i.e. T'^{X), thus in order to produce a Gaussian integral the 
tachyon profile must be chosen to be hnear, T{X) = a + Ufj,X^. The constant a has been 
shifted away in (2). Note that we also consider the symmetric matrix U to have nonzero 
elements only along the worldvolume of the Dp- brane. The set {X"} specifies the directions 
along the Dp-brane worldvolume and {X*} shows the directions perpendicular to it. 

2.1 The boundary state 

Now consider the mode expansion of the coordinates of the closed string 

X^'ia, r) = 4 + 2aYT + \/— E ^"^^^^e^*'"'^ + x^^^e'^^"*'^), (3) 

' 2 m>0 
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where we define x and x as combinations of tlie bosonic modes 



•^m ) (4) 

in wfiicli a't = ^a^i and aj^ = ^a^im- Similar relations also hold for a'^, and al^. If we 
interpret the equations (4) as eigenvalue equations [7], the corresponding eigenstate is 

^) = n ( -T^'^mXm - al^al^ + al^Xm + XmO^^ ) \vac) , (5) 

m=l ^ ^ ^ 



where contraction with the metric g^j^i, is applied implicitly. This state is the boundary state 
of the closed string due to the bulk term of the string sigma-model without any boundary in- 
teraction. Naturally deforming the action by adding non-vanishing boundary contributions, 
leads to the deformed boundary state 

|-B;5'boundary) = ^[cixcixje^^'^"""'*^^^!'''^] |x, x) . (6) 

The boundary actions related to the tachyon, St, and the velocity term, Sy, can be 
written in terms of modes 

OO TJ 

St = ii^x'^oUaA + E ^m^^L (7) 

i i i°^/lo 'i iO Oi ~i o\ 

Sv = V^XqP^ + ^'i^* E ( 9 (^TO^m + ^m^m) ~ ^mKa ~ Ka^m ) • (§) 
m=l ^ 

Prom now on we impose a selected direction for the motion of the Dp-brane and define 
— V. Substituting (7) and (8) into (6), and also considering the contribution of the bulk 
action in the boundary, gives the boundary state. The oscillating part of this state is 

OO -1 / OO \ 

1^^)°^^ = n (Y^al- S^m) ■ 4 10), (9) 



where 



and 



S{m)uiu = 2(i?(^))„6(5''^(5''^ - g^^. (11) 

The indices a and h indicate worldvolume and motion directions (i.e. a, 6 e {a, io}). It is seen 
that when the velocity v and the tachyon matrix U are zero, there is (-R(^))a6 — gab- Hence 



4 



the boundary state (9) reduces to the state for a Dp-brane where X"'s, a — 0, and 
X"s, i = p + 1, 0? — 1, obey the Neumann and Dirichlet boundary conditions, respectively 
[13]. 

The infinite product in (9) is generated by the path integral Zeta function regularization 
can be used to avoid this divergent quantity [14], 

n det ( -2f] + 2W— ) = ^det(-2f]) det T ( 1 - ) , (12) 

m=i I- ^ in J \ \ II J 

where the matrix W is defined by Wah = f^a/^^^a^'^fe- 
The zero mode part of the boundary state becomes 

\B,r = J dp'^ exp(-i-P^C/-^P) S{4° - vx', - y'^) J{ 5(4 - /) 

^Wl-pd n \i^i-j^R-wi-pt = \vp'). (13) 

where the vector P is defined by Pa — vp^^d^^ — \pa- The momentum dependent exponential 
term appears due to the presence of the momentum components in the zero mode parts of the 
boundary actions. Two delta functions indicate the position of the brane. After performing 
the integration over momenta the matter part of the boundary state takes the form 

\Bx) = iBx^^'lBx)'^ 

x5(4« - vx', - y'") n Sixi - y'')\vac), (14) 
where \vac) = |0)q,|0)~|p) is written in this form for briefness. 

2.2 Partition function and tachyon condensation 

Since partition function is defined hy Z — J DXe^^^-^\ it is obvious that there exists a very 
natural connection between boundary state and the partition function: the latter is just 
given by the vacuum amplitude of the boundary state 

Z = (vac|5;5'boundary)- (15) 

Therefore, the normalization factors in the Eq. (14) comes from the disk partition function 
[15] which can also be derived by evaluating the string path integral on a disk 

^disk = T, n \ (ga, - v{5\5\ + 5\5\) + '^-^Uap5\5\)\ ~\ (16) 
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Note that the disk diagram in the closed string theory shows a propagating closed string 
from the boundary of the disk, which then disappears. 

Presence of the open string tachyon field as a background field in our case, enables us to 
study the effect of tachyon condensation on the partition function. In the case at hand where 
the tachyon profile is linear, studying tachyon condensation equals to sending the elements 
of the tachyon matrix U to infinity [10] . 

Here our tachyon matrix possesses all elements along the brane worldvolume. Remember 
that, Uap is a (p+ 1) X (p + 1) matrix. Without loss of generality let it be a diagonal matrix. 
We consider condensation of all spatial components of U which can be done one by one for 
each component or at once for all of them. After successive condensations along the spatial 
directions of the Dp-brane {X"|q; = 1,2, • • which the limit Uaa — > oo is applied, the 
partition function (16) becomes 

2disk = T, {2nV^rVd^ n f 1 - + ^Uoo) ~\ (17) 

+ 1/2 \ m J 

where U' is a new diagonal p x p tachyon matrix which does not contain the element Uqo. 
The zeta function rcgularization, nm=i [det ( )] ~^ = (27rv^)^ V det U', has been used in 
(17). The relation between D-brancs' tensions, Tp_g = Tp (27v^/a'y, enables us to interpret 
(17) as the partition function related to a moving DO-branc with effective tension, To = 
-^0 Vdet U'. This considerable difference with conventional tachyon condensation [10], 

comes from the momentum dependent exponential factor which exists due to the presence 
of zero modes in both tachyon and velocity boundary actions. In the absence of the velocity 
term there is no momentum dependence in partition function and the factor ^^^^^ which 
appears from zero modes in the tachyon action cancels out the factor Vdet U which comes 
from the tachyon condensation in the infinite determinant. However, an additional factor 
of VdetC/ appears because of Gaussian integration over momenta and leads to this unusual 
behavior of partition function after tachyon condensation. 

As the next step, performing tachyon condensation along the X°-direction in Eq. (17), 
eliminates the velocity and results in a D-instanton with the partition function of 

In other words, temporal tachyon condensation fixes the D-brane in time as well as eliminates 
its velocity and fixes it in the space. Generally, temporal condensation on a moving Dp- 
brane leads to a stationary instantonic Dp-brane (i.e. eliminates the time direction of the 
worldvolume) , and condensation of the spatial components of the tachyon field also reduces 
the Dp-brane dimension. 
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Accordingly after tachyon condensation along any spatial direction of the moving Dp- 
brane's worldvolume, its dimension decreases by one in such a manner that after q successive 
condensations we have a D(p — g)-brane in the presence of a t/(p_q+i)x(p-q+i) tachyon field. 
The main difference with the usual case is that although the brane's dimension decreases 
but the effect of the tachyon remains in the root factor. 

In the following section, by making use of the boundary state formalism, we compute the 
interaction amplitude between two D-branes in the closed string channel. 

3 Interaction of the branes 

Since the conformal invariance is preserved in the bulk action (1), and broken on the bound- 
ary action (2), [16], the conformal ghosts play role just in bulk and hence their contribution 
in the boundary state should also be considered. For calculating the interaction ampli- 
tude between two D-branes we return to the previous boundary state (14) but restore the 
integration over momenta. Those give the total boundary state 

\BY^'^'^\B^^)\B,). (18) 

To find the interaction amplitude between the Dpi and Dp2-branes via exchanging of closed 
string states, we need closed string propagator which is given by time integral of the closed 
string Hamiltonian 

/■oo 

Jo 

oo 

H = a'p^p^j, + 2^{a-n.an + 5_„.5„) + {d- 2)/6. 

n=l 

The convention for the indices which will be used in the amplitude is as in the following. 
The set {i} shows the directions perpendicular to both branes except io, {w} is for the 

directions along both branes except 0, {cx'i} is used for the directions along the Dpi-brane 
and perpendicular to the Dp2-brane, and {a^} indicates the directions along the Dp2-brane 
and perpendicular to the Dpi-brane. Since {«i} and {0:2} are arbitrary, the position of 
the branes are not fixed, that is, in our configurations the two branes can be parallel or 
perpendicular to each other. 

3.1 The interaction amplitude 

The interaction amplitude is given by the overlap of the two boundary state, corresponding 
to the branes, via the closed string propagator, i.e. A = {Bi\D\B2). After a long calculation 
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we obtain 



n/'V- T T °° 
« Ip,Ip2 ^^^^ -Q ^^^^ ^^^^^ 



m=l 



POO r °° / 
x/ n ndet(l-5(„)i5j;,)2e-^'"*)]-'(l 

"^0 m=l ^ 



-imt\2 



77 E(?/i' - y^'f 



X exp — 



Vdetg detGi det G2 



(19) 



The matrices Q, Gi and G2 and the doublet are defined through their elements as in the 
following 



r(l + ^2^)(l-V)-[(^;i + |)^(f/f)-^], 



Q 



Q12 — Q21 



(^(1 + V)(1 + ^2^)(1-^1^2), 



(20) 



E, 

E2 



V2—V1 



V2~V 



[y. 



(21) 



and the nonzero elements of the matrix Gi are 



G 



la, a 



Giuu = -la't-\{Ur)-\ 



(22) 



With the exchange 1 < — > 2 we receive the nonzero elements of G2- Note that in (22) there 
is no sum on the repeated indices a[ and u. 

In the interaction amplitude (19), Vu is the common worldvolume of the branes, and dj is 
the dimension of the directions which are perpendicular to both branes. The infinite product 
in the second fine of (19) shows the effect of the oscillators and conformal ghosts, for analogue 
of it see the Refs. [9, 17]. The first exponential and its pre-factor, which are emanated from 
the directions perpendicular to both branes, indicate the damping of the amplitude due to 
the distance of the branes. The momenta, which are in the Hamiltonian and zero mode terms 
in boundary state, leads to the second exponential and the pre-factor of it. The constant 
factors behind the time integral, somehow show the strength of the interaction which depend 
on the branes tensions, their velocities and the tachyon fields. Note that the regularization 
of infinite product in the first fine can be done according to (12). Note that the amplitude 
(19) can be interpreted as cylindrical partition function for closed string, too. 
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3.2 Long time behavior of the interaction ampUtude 

One of the interesting features about the interaction amphtude is to study its behavior after 
long enough times, i.e. hmj^oo A. In the ordinary cases (i.e. in the absence of background 
tachyon) massless closed string states dominate in this regime. Here the difference with 
the conventional interaction amplitudes is the presence of the matrices Q, Gi, G2 and the 
doublet E, which are functions of time. Therefore, in long distances of the branes in the 
26-dimensional spacetime, the closed string tachyon and the massless closed string states 
(i.e. graviton, dilaton and Kalb-Ramond) contribute to the interaction amplitude as in the 
following 



^0 — lim A 



4(27r)'^?(l + i;i2)(l + v^^) {a')^v^^v^)l'^ 
X [det Ui det H [det R^m)i det R(m)2] 



m=l 



where du is the dimension of the common worldvolume of the branes. The limit of the 
exponential and its pre-factor in (23) with respect to t is not important for us because they 
are related to the position of the branes, while the states of closed string are independent 
of these positions. The divergent part in the last line, (the first term), corresponds to the 
tachyonic closed string state. The analogous of this divergent term in the absence of the 
background tachyon field lacks the decelerating coefficient l/ti+(Pi+P2)/2 and is usually put 
away in the literature. It is a deficiency of the bosonic string theory which will be recovered 
in superstring theory. But the point is that here the time dependence in the denominator 
slows down this divergence. The other term is related to the contribution of the massless 
states which also differs from the conventional case, due to the presence of the decelerating 
factor which makes it to go to zero fast in the limit of long time. 

There is a remarkable interpretation for this behavior. Taking into account the open 
string tachyon as a background field, means working with unstable D-branes. The conse- 
quence of this instability is rolling of the tachyon as the system evolves and after long time 
most of the energy which was localized in the tachyon field transfers to bulk. This is the con- 
sequence of decaying of the unstable D-branes into the bulk modes [18]. So, in this picture 
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the long time interaction of the D-branes (due to the massless closed string exchange) goes 
to zero. In other words, after long enough time, there are no D-branes to consider interaction 
for them. The exchange of the closed string tachyon which is present as a divergent term 
also has been moderated in this picture. Although this term tends to infinity anyway, its 
rate of growth is related to the dimension of the branes. Therefore, apart from the tachyonic 
term which goes to infinity, we can say that the exchange of the massless closed string states 
cause the D-branes to interact but their contribution decreases in time due to the instability 
of the D-branes. 

The damping of the interaction amplitude by passing the time depends on the branes 
dimensions. An interesting exception is D-instanton. When two D-instantons interact with 
each other the factor l/ii+(?'i+P2)/2 reduces to 1 and hence the ordinary long time amplitude, 
associated with the massless states, restores. In addition, is the usual divergent term related 
to the tachyonic closed string state. So we can say that the general interactive behavior of 
the D-instantons do not change in the presence of background tachyon field. 

4 Conclusions and Summary 

We obtained the boundary state of a closed string, emitted (absorbed) from (by) a moving 
D]9-brane in the presence of the background tachyon field. 

The relation between the boundary state and the disk partition function is discussed. 
The effect of the tachyon condensation on the partition function was studied which shows 
a spectacular difference from the conventional condensation. Condensation of the tachyon 
matrix components along any spatial worldvolumc directions leads to a partition function 
corresponding to a lower dimensional moving D-brane with an effective tension which de- 
pends on the condensated components of the tachyon field. However, condensation of C/qo 
eliminates velocity and as well leads to an instantonic D-brane which is fixed in time. After 
complete condensation of the tachyon field a D-instanton is obtained. 

The interaction amplitude between two D-branes with arbitrary dimensions pi and p2 
was calculated. Our calculations are valid for the systems that their branes are parallel 
or perpendicular to each other. The interaction strength between the branes depends on 
the branes dimensions, their tensions, their relative configuration, the closed string mode 
numbers, the tachyon matrices and the velocities of the branes. 

As a special case, in the large distance interaction of the branes, the contribution of 
the massless states goes to zero and the divergence part related to the tachyonic state 
considerably slows down. So the statement that the force associated with the massless 



10 



states is long range would be valid until there is no tacliyon background field in the system. 
This unconventional behavior may be ascribed to the rolling of the tachyon field towards its 
minimum potential. This leads to a closed string vacuum without any D-brane at the end of 
the process and causes the concept of interaction of the D-branes to faint. Interesting point 
is that in the case of the D-instantons interaction this descension of the long time amplitude 
jumps to the usual case. 
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